For a continuous self mapping f of a locally convex topological vector space which is locally compact (i.e., f maps a neighborhood of each point into a relatively compact set), it ip shown that a sufficient condition for the existence of a fixed point is the existence of a compact attractor Ko such that each orbit under f has a point of Ko in its closure. The prof is based upon the circle of ideas of the Lefschetz fixed point theorem.
Asymptotic fixed point theorems concern situations where the existence of fixed points of a self-mapping f of a space X is derived from assumptions upon the behavior of the iterates fi of f as j -1 co. Our object in the present discussion is to present new results in this direction which appear to be of a more useful type than the presently known general results in terms of applications to various concrete problems for differential and functional differential equations. THEOREM 1. Let X be a locally convex topological vector space,Jf a locally compact self-mapping of X.
Suppose that there exists a compact subset Ko of X such that for each x in X, the orbit of x under f, OA(X) = U{fJ(x)} j.1 has a point of Ko in its closure.
Then: f has a fixed point in Ko.
We remark that for our purposes, all locally convex topological vector spaces are assumed to be Hausdorff spaces, and that by a locally compact mapping f, we mean a continuous mapping such that for each point u, there exists an open neighborhood U of u such that f(U) is relatively compact in the image space. We shall reduce the proof of Theorem 1 to another result, Theorem 2, which has independent interest in its own right. Ther f has a fixed point in K'. By the compactness of S, we may cover it by a finite number of neighborhoods V(xj), 1 < j < s. Let r = max{k(xj); 1 < j < s}. We set K U fk(S),
and assert that K as thus defined is mapped into itself by f. Since ffk(S)) = fk+l(S), it obviously suffices to show that fr+I(S) is contained in K. If x is any point of S, however, x lies in one of the neighborhoods V(xj) and we have f + 1 (X)= fr-k(xj)(f(fk(x)(X)))) where fk(x)(x) lies in U0, f(fk(x) (x)) lies in f(Uo) and is contained in S, and finally f -k(x) fJk(o) (X))) lies in frc-k(x)(5) which is a subset of K.
For each point x of X, there exists an integer n(x) 2 2 such that ff(x)-l(x) lies in U0. Hence, there exists a fn(U(x)) c KY Some New Asymptotic Fixed Point Theorems 2735 neighborhood U(x) of x in X such that fP(z) -(U(x)) c Uo. Moreover, fP(x)(U(x)) c f(Uo) C K, and since K is invariant under f, f"(U(x)) c K for n > n(x).
If K2 is a compact subset of X, we may cover K2 by a finite number of such neighborhoods U(xi), and letting U2 = U U(x1), we find that fm(U2) c K for m > j=1 n(k2), where n(K2) is the maximum of nf(xj) for the individual neighborhoods of the points {x1). q.e.d. The first asymptotic fixed point theorem in Banach spaces was given by the writer (2) and extended to infinite dimensional manifolds (3) (as may the result given above). An asymptotic fixed point theorem involving the assumption that f has a compact nonempty core, i.e., C. = cl( n f'(X)), with the additional j=1 assumption that each orbit Of(x) is relatively compact was proved by the writer (4, 5) under the assumption that f is a locally compact mapping of a metrizable absolute neighborhood retract and by R. D. Nussbaum in the case of locally condensive mappings of Banach spaces (6, 7) . The assumption of a compact non-empty core and of relative compactness of each orbit obviously implies the hypothesis of Theorem 1 for the case of f locally compact. Theorem 1 can be extended to yield a generalized Lefschetz theorem for locally compact mappings with attractors for a much broader class of spaces including absolute neighborhood retracts, as we show elsewhere. It seems doubtful that Theorem 1 can be extended literally to condensive mappings, though intermediate hypotheses can undoubtedly be devised which are weaker than assumptions of a compact non-empty core. Theorem 2 extends an important methodological result of (2) which has been used in a large number of discussions of existence of periodic solutions of nonlinear functional differential equations (8) (9) (10) .
